Forty-one integrands that are rational except for the square root of a cubic polynomial with known real zeros are integrated in terms of Ä-functions for which Fortran codes are available. In contrast to conventional tables the interval of integration is not required to begin or end at a singular point of the integrand. The table contains one elliptic integral of the first kind, 26 of the second kind, and 14 of the third kind. Only 10 of the integrals are treated in standard tables, which list a large number of special cases that are unified here.
Introduction.
Two earlier installments [2] , [3] of a new table of elliptic integrals deal primarily with "quartic cases" in which the integrand is rational except for the square root of a quartic polynomial with known real zeros. In this paper we consider "cubic cases" of the form /x 4 \(ax + bxt)^2dt, -i=\ where pi, p2, p3 are odd integers, p4 is an even integer (omitted if it is zero), and all quantities are real. Integrands containing complex conjugate factors will be considered in a later paper. Although a cubic case can usually be calculated numerically by choosing a¿ = 1 and ¿>, = 0 for some value of i in a suitable quartic case, it is preferable to have an explicit formula, which is often tedious to obtain in a uniform notation from the quartic case.
The integral (1.1) is an elliptic integral of the third kind if p4 is even and negative. Otherwise, it is second kind except for [-1,-1,-1], which is first kind. Many integrals like i(acos2e + ßsin29)Pl/2d9 and f (a +ßz2)Pi/2(1 +èz2)Vï/2 dz can be put in the form (1.1) by letting t = sin2 0 or t = z2. The integrals in the table are expressed in terms of four Ä-functions:
and two special cases, (1.4) Rc(x,y) = RF(x,y,y) and RD(x,y,z) = Rj(x,y,z,z). Derivation of the formulas is discussed in Section 3. All integral formulas have been checked by numerical integration, and some details of the checks are given in Section 4.
2. Table of Cubic Cases. We assume x > y and a¿ + bit > 0, y < t < x, for i = 1,2,3. Assumptions about a4 + b4t will be stated where necessary. We define ,9in
Cubic cases will be expressed in terms of the quantities (2.12) hc = 2RF(U2,U2,U2),
which are integrals of the first, second, and third kinds, respectively. It will be seen from the tables that
Thus /3C reduces to I2c if a4 = 1 and b4 = 0. The extra subscript c stands for "cubic," and the quantities defined here are obtained from those used in [3] for quartic cases. Specifically, if we put a4 = 1 and b4 = 0 and subsequently replace the subscript 5 by 4, then (t/12,t/13,i7i4) reduces to (U3,U2,Ui), (W,P,Q) to (W2,P2,Q2), and (h,I2,I3,I3) to (hc, he, he, he)-
It is convenient to define also the quantities
The first of these appears in the formula for [1,1, -1] and is transmitted by recurrence relations to a dozen others; likewise, J2c is transmitted from [1, -1, -3]. The second line of (2.17) follows from the first with the help of the identity
It is important to use hc and J2c, not Jic or I2c, to evaluate integrals with J^Pi < -2, which converge when x = +00 or y = -00. Both Jlc and I2c then become infinite while hc and J2c are finite. The second term in the second line of (2.17) becomes 2di3X2Y2/X3Y3Ui = 2di3Y2/b3YiY3, x = +00, {¿-yj 2di3X2Y2/X3Y3Ui = -2di3X2/b3XiX3, y = -00.
If one limit of integration is a branch point of the integrand, then Xi or F¿ is 0 for some value of i < 3, and one of the two terms on the right-hand side of (2.3) vanishes. If X1F1 = 0 then P2 and Q2 are infinite, and the Rq function in (2.14)
vanishes by homogeneity. If both limits of integration are branch points, the elliptic integral is called complete, and UiU2U3 = 0. It is not assumed that 6, ^ 0 nor that dij ^ 0 unless one of these quantities occurs in a denominator. The relation dij = 0 is equivalent to proportionality of a, + bit and a3 + bjt.
We shall now list 41 cases of (2.20) [pi,...,p4}= f (ai+bitr^2-(a4 + b4t)^2dt, Jy (2.52)
-(3ri4 + r24 + r34)Jic + 6,4(3,1,1)}/1564. Equations (2.40) to (2.47) follow in order from (C42), (C43), (C43), (C43), (C43), (C42), (C41), and (C42). To get (2.49), (2.50), and (2.51), we use (B14), (C24), and (C34), respectively. Equations (2.52), (2.53), (2.54), (2.56), and (2.57) follow in order from (B34), (B34), (B34), (C24), and (C14). 
